BISET TRANSFORMATIONS OF TAMBARA FUNCTORS 



HIROYUKI NAKAOKA 



Abstract. If we are given an H-G-hiset U for finite groups G and H, then 
any Mackey functor on G can be transformed by U into a Mackey functor on 
H. In this article, we show that the biset transformation is also applicable to 
Tambara functors, and in fact forms a functor between the category of Tambara 
functors on G and H. This biset transformation functor is compatible with 
some algebraic operations on Tambara functors, such as ideal quotients or 
fractions. In the latter part, we also construct the left adjoint of the biset 
transformation. 



1. Introduction and Preliminaries 

Let G and H be arbitrary finite groups. By definition, an H-G-hiset [/ is a set 
U with a left iJ-action and a riglrt G-action, which satisfy 

{hu)g = h{ug) 

for any h G H,u G U, g G G {\T). In this article, an _ff-G-biset is always assumed 
to be finite. 

If we are given an i7-G-biset U , then there is a functor 

U o cset — ;> Hset 

G 

which preserves finite direct sums and fiber products (|2j)- In fact, for any X G 
Ob(Gsei), the object U o X G Ob(_f/sei) is given by 

G 

U oX^ {{u, x)eUxX\uG< G^}/G, 

G 

where the equivalence relation (/G) is defined by 

- (w, x) and (u', x') are equivalent if there exists some g G G satisfying u' — gu 
and X = gx' . 

We denote the equivalence class of {u,x) by Then U o X is equipped with 

G 

an iJ-action 

h[u,x] = [hu,x] e H,'^[u,x] eU o X). 

G 

For any / G Gsei(JiL, F), the morphism [/ o / G Hset{U o X,U o F) is defined by 

G G G 

U o f{[u, x]) = [u, fix)] C[u, x]eUoX). 

G G 
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This functor U o — enables us to transform a Mackey functor M on H into a 
Mackey functor AIo U — M{U o — ) on G ([3], [2]). In fact, this construction gives a 
functor ([2]) 

-oU: Mack{H) Mack{G) ; M ^ MoU, 

which, in this article, we would like to call the biset transformation along U. Here, 
MackiG) and Mack{H) denote the category of Mackey functors on G and H, 
respectively. 

In this article, we show that the functor U o ~: Qset — > uset also preserves 

G 

exponential diagrams. As a corollary we obtain a biset transformation for Tambara 
functors 

-of/: Tam{H) Tam{G) ; T^ToU, 

where Tam{G) and Tam{H) are the category of Tambara functors on G and H . 

This biset transformation is compatible with some algebraic operations on Tam- 
bara functors, such as ideal quotients or fractions. If we are given an ideal of a 
Tambara functor T on H ( 6 ), then is transformed into an ideal ^oU oi To U, 
and there is a natural isomorphism of Tambara functors 

{T/.y)o U ^ (To U)/{yo U). 

Or, if we are given a multiplicative semi-Mackey subfunctor ,y of a Tambara functor 
T on ([7]), then 5^ is transformed into a multiplicative semi-Mackey subfunctor 
■^o U of To U , and there is a natural isomorphism of Tambara functors 

{y-^T)ou ^ {youy\Tou). 

In the latter part, we construct a left adjoint functor 

£,u- Tam{G) Tam{H) 

of the biset transformation — o U : Tam(H) — s> Tam{G). As an immediate corollary 
of the adjoint property, SLjj becomes compatible with the Tambarization functor 
n[-] (Corollary 13311). 

Tam{H) Tam{G) 



SMack{H) ^ SMack{G) 



For any finite group G, we denote the category of (resp. semi-)Mackey functors 
on G by Mack{G) (resp. SMack{G)). If G acts on a set X from the left (resp. 
right), we denote the stabilizer of x € AT by Ga; (resp. xG). The category of finite 
G-sets is denoted by cset. 

For any category we denote the category of covariant functors from to Set 
by Fun{'rf, Set). If admits finite products, let Add{'^ , Set) denote the category 
of covariant functors F: ^ ^ Set preserving finite products. 
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Definition 1.1. For each / e Gset{X,Y) and p G Gset{A, X), the canonical 
exponential diagram generated by / and p is the commutative diagram 



X 



Y 



exp 



-X X HfM) 

Y 

-n,iA) 



where 



a: f~^{y) ^> ^ is a map of sets, 

p o (7 is equal to the inclusion f~^^{y) ^ X 



T^iy, = y, eix, (y, a)) = a{x), 
and /' is the pull-back of / by n. On 11/ (^), G acts by 

5(y,cr) = (52/, ^cr), 

where is the map defined by ^a{x') — ga{g^^x') for any x' € f ^^{9y)- A 
diagram in cset isomorphic to one of the canonical exponential diagrams is called 
an exponential diagram. 

Definition 1.2. ([8]) A semi-Tambara functor T on G is a triplet T = {T*,T+,T,) 
of two covariant functors 

T-|_ : Gset — > Set, T, : aset — )■ Set 

and one additive contravariant functor 

T* : Gset Set 

which satisfies the following. 

(1) T" = (T*,r+) and T'^ = {T*,T,) are objects in SMack{G). T" is called 
the additive part of T, and is called the multiplicative part of T . 

(2) (Distributive law) If we are given an exponential diagram 



X 



A- 



exp 



Y 



B 



in Gset, then 



T{X)^T{A)^T{Z) 



T.(f) 

T{Y) 



T.ip) 

■T{B) 



is commutative. 

If T = {T* ,T^,T,) is a semi-Tambara functor, then T{X) becomes a semi-ring 
for each X e Ob(Gsei), whose additive (resp. multiplicative) monoid structure is 
induced from that on T"(X) (resp. T'^(X)). For each / G Gset{X,Y), those maps 
T*{f),T+{f),T,{f) are often abbreviated to f*J+J,. 
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A morphism of semi-Tambara functors </? : T — >■ 5 is a family of semi-ring homo- 
morphisms 

= {ifx ■■ T{X) -J> S{X)]xeOh[Gset)-, 
natural with respect to all of the contravariant and the covariant parts. We denote 
the category of semi-Tambara functors by STam(G). 

If T{X) is a ring for each X G Ohi^Qset), then a semi-Tambara functor T is 
called a Tambara functor. The full subcategory of Tambara functors in STam{G) 
is denoted by Tam{G). 

Remark 1.3. In it was shown that the inclusion functor Tam(G) ^ STam{G) 
has a left adjoint 7g : STam{G) Tam{G). 

Remark 1.4. Taking the multiplicative parts, we obtain functors 

{-Y: STam(G) SMack{G), (-)^: Tam{G) -> SMack{G). 

In [5], it was shown that (— )^: STam{G) SMack{G) has a left adjoint 

S: SMack{G) STam{G). 

Composing with 70, we obtain a functor called Tambarization 

nG[-]=-/G°S: SMack{G) Tam{G), 

which is left adjoint to (-)'': Tam{G) SMack{G). 

2. BiSET TRANSFORMATION 

In this section, we consider transformation of a Tambara functor along a biset, 
and show how the functors in the previous section are related. Our first aim is to 
show the following. 

Proposition 2.1. Let G, H be finite groups, and let U be an H -G-biset. Then 

[/ o — : nset — > nset 
a 

preserves exponential diagrams. 

First, we remark the following. 
Remark 2.2. Assume we are given an exponential diagram 

X^^A^^Z 



f 



exp 



p 



Tlf{A) 



in Qset. Since U o — preserves pullbacks, we obtain a pullback diagram 

G 

(Uop)o(Uo\) 

Uo X , " U oZ 

G G 



Uof 



□ 



Uop 



U oY ^ U o Uf{A) 

G UOTT G 

G 
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in Hset. If we take an exponential diagram associated to 

Uof Uop 

UoX^UoY^UoA 

G G G 



as 



U op 

n o X , " TI o A 

G G 



uof 



U oY 

G 



exp 



.ILuofiUoA)^ 



then by the adjointness between 



and 



X {U o X) : Hset/uoY ^ Hset/uox 

UoY G G G 



IIc/o/ : Hset/uox ^ Hset/uoY, 



we obtain a natural bijection 

Hset/uoviU oUf{A), UuofiUoA)) 



^ Hset/uox {{U oUfiA)) X (U oX), U oA) 

G Cr U OY ^ Cr 

G 

= Hset/uox{U o Z, UoA). 

G G G 



Thus there should exist a morphism 



Uonf{A)^nuoj{UoA) 



corresponding to U o \ : U o Z ^ U o A. 

G G G 



With this view, we construct an iJ-map 



$: Uo^lif{A)^liuof{Uo^A) 



explicitly, and show it is bijective. 
By definition, we have 



Uo^nf{A) = ^[u,{y,a)] 



{y,a)Gnf{A) 



uG<G 



IiuoAUoA) = { 

G (-J 



[u,y]eUoY 



T--{Uof) ^ [/ o A is a map, 

satisfying [U o p) or = incl. 



Remark 2.3. For any [u, y] £U oY, the following holds. 

G 

(1) An element [uq, xq] £ U o X belongs to {U o f)~^{[u, y]) if and only if there 

G G 

exists go £ G satisfying 
(2.1) u = uogo and goy = f{xo). 

In particular, g^^ ■ xq € f~^{y)- 
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(2) Let [uo,a;o] be an element in {U o f)^^{[u,y]). If go satisfies p.ip and g'o 

G 

similarly satisfies 

u = uo5o and g^y = /(xq), 
then we have gQ^ ■ xq = g'o"^ ■ xq. 
Proof. (I) We have 

[uo,xo] e {U ofy^{[u,y]) [uoJ{xo)] ^ [u,y] 

<^ ^50 e G such that u = uoffo, gay = /(a^o)- 
(2) Since woffo = wogo implies ^o^cT^ ^ "0^* < G^^q, it follows g'^gg^ ■ xq = xq. □ 



Lemma 2.4. For any [u, {y,<j)] G C/ o 11/(^4), define (y,cr)]) 6?/ 

G 

where t^^'- {U ° f)^^{[u,y]) U o A is a map defined by 

G G 

Ta,u{['^o,xo]) = [u,a{gQ^xo)] (^[uo,.to] e {U o y]) ), 

where go £ G is an element satisfying V2.1\ . {It can be easily confirmed that 
[u, (T((7g"^a;o)] belongs to U o A, by using (jg.ip ) 

G 

Then ^\ U o Tl^[A) Ilijof{U o A) becomes a well-defined H-map. 

G G G 

Proof. By Remark |2.3[ this a^gQ^xo) is independent of the choice of go- 
It suffices to show the following. 

(1) Tcr,u is well-defined for each [u, {y, ct)] £ [/ o 11/ (A). 

G 

(2) $ is well-defined. 

(3) $ is an iJ-map. 

(1) Suppose [wojXq] — [uq,xo] and take go,3o 6 G satisfying 

u = wogo, 5oy = f{xo), 
u^u'^g'o: goy = fix'o). 
Since [u'q,Xq] — [uo,xq], there exists some g € G satisfying 

Then we obtain 

Since uoffo = u = UgSo = Mo5ffo> have 

5o3o ^5 ^ ^ uoG < Gxo, 
which means 3o5~^a;o — g^^xo, and thus 

[u,cr(5[,-ia;^)] = [m, cr(g^^a;o)]. 

(2) Suppose [m, (j/,cr)] = [w', (?/',cr')]. There exists g & G satisfying 

u' = ug and (y', ct') = g~^ ■ {y, a), 
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namely y' — g^^y, a' = ^ a. In particular we have [u, y] — [u', y'], and thus 
{Uof)-\[u,y])^{Uof)-\[u',y']). 

For any [uo,xo] S (C/ o f)^^{[u,y]), take go and satisfying 

G 

u = uogo, goy = /(a;o), 

Since uogog = ug — u' ~ uog^ implies gg^^^xo — go^xo as in the above argument, 
we have 

Ta',u'{[ua,xa]) = [u',a'{g'Q^^xo)] = [ug, g^'^aigg'^'^xo)] 

= [ug,g^^<j{ga^xo)] = [u,a{gf^^xo)] = t„^u{[uo,xo]). 

Thus we obtain ([u, ?/], Tq. „) = {[u' ,y'],T^' ^u'), and $ is well-defined. 
(3) Let [u, {y, a)] be any element. For any h ^ H, we have 

<S>ih[u,iy,a)]) = mhu,{y,CT)]) 

= ([/iu,2/],ro-,ft„) = (/i[u,?/],ro-,ft„). 

Thus it suffices to show T^r^hu = '^t^,u- 

Let [it|,a;.|-] G (C/ o ?/]) be any element. Take g-\ ^ G satisfying 

G 

(2.2) hu^u^g^, g^y = f{x^). 
By the definition of Ta-^hm we have 

(2.3) TcrJiui[u^,X^]) = [/lU,CT(5^^Xt)] = a-(5^"^X|)] 

for any [uf,x^] S ([/ o /)-i([/iu, y]). 

Ct 

We have the following. 
Remark 2.5. 

(1) When [u|,a;j] runs through the elements in (U o f)^^[[hu,y]), then 

G 

h^^[uf,x^] = [h~^u^, x^] 
runs through the elements in {U o f)^^{[u,y]). 

G 

(2) If 91 G G satisfies (12. 2p . then we have 

u = h-^u^g^, g^y = /(x^). 
Thus by the definition of r^^m we have 

T„^u{[h^^u^,x^]) ^ [u,(j{g-^x^)]. 

By (12. 3p and Remark 12.51 we obtain 

= /i[u,cr(5^^X|)] = Tcr,/i„([Mt,a;|)] 
for any [wt,a;t] e {U o f)-^{[hu,y]). Namely, T„,hu = ^t,j,u- □ 
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Proof of Proposition \2.1i By Lemma \2A\ we obtain a well-defined if- map 

UoIlf{A)~^nuof{UoA). 

It suffices to construct the inverse of $. For any {[u,y],T) e n[/o/([/ o A), 

G G 

define 5'([u,?/],t) by 

^{[u,y],T) = [w, (y,CT^,„)], 
where CTt-.m : f~^{y) — ^ is a map satisfying 
(2.4) [u,ar,u{^^)]^T{[u,x^]) (Ve/-i(y)). 

Here, we have the following. 

Remark 2.6. If \u,a\, \u',a'] Cz U o A satisfies 

G 

[u, a] — [u' , a'] and u = u' , 

then we have a = a' . 

Thus (Jt^u{x^) is well-defined by (|2.4I) for each a;^. To show Proposition 12.11 it 
suffices to show the following. 

(1) UuofiU o A) o Ilf{A) is a well-defined map. 

(2) * o $ = id. 

(3) $ o * = id. 

(1) Suppose {[u,y],T) — ([u', y'], r'). Then obviously we have r' = r. There 
exists some g G G satisfying 

u = u'g, gy = y', 

In particular we have f~^{y') = g ■ f^^{y)- By definition of CTi-,« and CTt.u'; we have 

[u',ar,u'igx'')] = r([u',g2;'l']) 

for any £ f^^iv)- 
Thus it follows 

[u,CT.r,«(a;''')] = T([u,a;'l']) = T{[u'g,x^]) 

= t{[u' ,gx'^]) = [u\(Tr,u'{gx'^)]) 

= [ug^^ ,aT,u'{gx^)] = [u,^ aT,u'{x^)]- 

By Remark 12.61 this means ar.u ~ ^ <^t.u' ■ Thus it follows 

= [u'g,g~^{y' ,(Jr,u')] = [u' ,{y' ,ar,u')], 

and thus ^I* is well-defined. 

(2) Let [u, (y, (t)] G ?7 o 11/(^4) be any element. We have 

G 

*o$([u,(2/,cr)]) = *([u,y],r^,„) = [w, (y, ct^,.„,u)], 
where To-^u and „,u are defined by 

TaA[uo,xo\) = [u,a{g^'^XQ)] {^[uo,xo] G [U o fy^{[u,y])), 
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using go ^ G satisfying u — uogo and goy — f{xo)- In particular we have 
and thus 

for any x^ E f ^^iu)- By Remark 12.61 it follows (Jt^ ^,.u ~ cr, and thus 'J o 
^{[u,{y,a)]) = [u,iy,a)]. 

(3) Let {[u,y],T) e U(jof{U o A) be any element. We have 

G G 

$o*([u,?/],r) = <P{[u,{y,ar,u)]) - y], t^.,„,«), 
where ar,u and are defined by 

[u,arA^^)]^T{[u,x^]) G rHy)), 

Ta^^^.u{['^o,xo]) = [u,crr,u(g(7^a;o)] r[wo,a;o] £ (?7 o y])), 

using go G G satisfying u = mo.'7o and = fi^o)- It follows 

for any [uo,a;o] e {U o /)-!([-«, j/]), and thus $ o *([ii,y],r) = ([ii,y],r). □ 

Proposition [2TT] allows us to transform Tambara functors along a biset. 

Corollary 2.7. Let C/ &e an H-G-hiset. For any T e Oh{Tani{H)), if we define 
ToU by 

To U{X) = T{U o X) CX e Ohiaset)), 

G 

{ToUr{f) = T*{U o f) 

(To [/)+(/) = T+{U o f) Cf e Gset{X, Yj), 

Cr 

{ToU),{f)=T,{Uof) 

Cr 

then ToU becomes an object in Tam{G). 

If f. T S is a morphism in Tam(H), then 

ipoU ^ {^Uox}xeOh(Gset) 

forms a morphism ipo U : To U ^ SoU in Tam{G). 

This correspondence gives a functor —oU: Tam(H) —5- TamiG). In the same 
way, we obtain a functor —oU : STam{H) — S> STam{G). 

Remark 2.8. Since U o ~: Qset — > set preserves finite direct sums and pullbacks, 

G 

this induces a functor 

-oU: SMack{H) SMack{G), 
defined in the same way. (For the case of Mackey functors, see [3].) 
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Clearly by the construction, these functors are compatible. Namely, we have the 
following commutative diagrams of functors. 



Tam{H) 



-o u 



Tam{G) 



(2.5) 



STam{H) STam{G) 



i-r 



i-r 



Tam{H) 

i-r 

Mack{H) 



-o U 



SMack{H) SMack{G) 



-o U 



Tam{G) 



Mack{G) 



Corollary 2.9. /n [6j, an ideal ^ of a Tambara functor T on H is defined to be a 
family of ideals 

{yiX)CT{X)}xeOHHset), 
which satisfies the following for any f G Hset{X,Y). 

(i) f*{^{Y))cy{X), 

(ii) f+{y{x)) c y{Y), 

(iii) /.(^(x))c/.(o) + ^(y). 

If ^ CT is an ideal, then the objectwise ideal quotient 

T/y - {T{X)/^{X)}xeOH^set) 

carries a natural Tambara functor structure on H induced from that on T. 

Concerning Corollary \2. T\ suppose we are given an H -G-biset U. If we define 
JoU by 

JoUiX) = J{U o X) 

G 

for each X € Ob(Gset), then J^oU C ToU becomes again an ideal, and we obtain 
a natural isomorphism of Tambara functors on G 

{TlJ)o U ^ (To U)/{Jo U). 

Corollary 2.10. Let T be a Tambara functor on H. In [7], it was shown that for 
any semi-Mackey subfunctor C T'^, the objectwise fraction of rings 

y-^T = {y{X)-^T{X)}xeOHHset) 

carries a natural Tambara functor structure on H induced from that on T. 

Concerning Corollary \2. 7[ suppose we are given an H-G-biset U. Then yoU C 
(To J7)^ — T^o U becomes again a semi-Mackey subfunctor, and we obtain a natural 
isomorphism of Tambara functors on G 

{y~^T)ou = {you)-\ToU). 



3. Adjoint construction 

In the rest, we construct a left adjoint of —oJJ: Tam{H) 
the following theorem shown in [8]. 



Tam{G). We use 



Fact 3.1. Let G be a finite group. There exists a category with finite products 
satisfying the following properties. 

(1) ObC^c) = Ob(Gset). 

(2) There is a categorical equivalence /ig : Add{'^G, Set) STam{G). 
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We recall the structure of ^ briefly. Details can be found in . 
The set of morphisms '^g{X, Y) is defined as follows, for each X,Y E Ob(^G) 
Ohicset). 



^GiX,Y) {X i^A^B^Y) 



A,B e Ohicset), u G Gset{B,Y) 
V e Gset{A,B), w e Gset{A,X) 



I 



where (X ^ A^ B ^Y) and {X^ A! ^ B' ^ Y) are equivalent if and only if 
there exists a pair of isomorphisms a: A A' and 6 : B B' such that u = u' ob, 



b o V = v' 



o a, w = w o a. 



A- 



X O 



A'' 



B . 



a O b 



O Y 



B' 



Let [X ^ A ^ B ^ Y] denote the equivalence class oi {X ^ A ^ B ^ Y). 
Composition law in '^g is defined hy\Y^C-^D^Z]o[X^A^B^Y] = 
[X <r- A" D ^ Y], with the morphisms appearing in the following diagram: 



A^ 



A' ^ 
□ 



X 



A" ^ 

□ 
^ B' ^ 

□ 



Y 



D 



exp 



D 



For any X,Y E Ob('%'), we use the notation 

• T^ = [X ^ X ^ X ^Y] for any u e Gset{X, Y), 

• Ny ^[X ^ X ^Y ^Y] for Siuy V e Gset{X, Y), 

• =^[X <^Y ^Y ^Y] for any w e Gset{Y, X). 

Remark 3.2. For any pair of objects X,Y G Ob('^G), if we let X 11 F be their 
disjoint union in Gset and let lx S Gset{X,X 11 Y), ty G Gset(Y,X 11 Y) be the 
inclusions, then 

X ^ XUY ^Y 
gives the product of X and Y in '^g- 

Remark 3.3. For any T G Oh{Add{^Gj Set)), the corresponding semi-Tambara 
functor T = hg{T) £ Oh{STam{G)) is given by 

• T{X) = nX) for any X € Oh{Gset). 

• T*if) = r{Rf), T,if) = r{Nf), T+{f) = T{Tf), for any morphism / in 
Gset. 



As a corollary of Proposition 12. 1[ the following holds. 



12 



HIROYUKI NAKAOKA 



Corollary 3.4. Let U he an H-G-set. Then U o^— : cset — >■ uset induces a functor 

preserving finite products, given by 

FuiX) = U o X 

G 

for any X e Oh{Gset) and 

Uow U ov U ou 

Fu{[X i^A^B^Y]) = [UoX^UoA^UoB^UoY] 

G G G G 

for any morphism [X ^ A ^ B ^ Y] e '^g{X, Y). 

Proof. Since U o —: Qset — > nset preserves finite coproducts, pullbacks and ex- 

G 

ponential diagrams, it immediately follows that Fu preserves the compositions, 
and thus in fact becomes a functor. Moreover by Remark I3.2[ Fjj preserves finite 
products. □ 



Remark 3.5. The biset transformation obtained in Corollary 12. 71 is compatible with 
the composition by Fjj : 

Addi'^H, Set) Addi^G, Set) 



STam{H) — > STam{G) 

Theorem 3.6. Let U be an H-G-biset. Then the functor -oU: STam(H) 
STam{G) admits a left adjoint, which we denote by £[/. 

More generally, we have the following. 

Proposition 3.7. Let G,H be arbitrary finite groups, and let F : '^q — J> be a 

functor preserving finite products. Then the induced functor 

-oF: Addi'^H, Set) Add{"7^G, Set) 
admits a left adjoint Lp. 



In the rest, we show Proposition 13.71 The proof basically depends on the proof 
of Theorem 3.7.7 in 1 . 

Definition 3.8. Let G, F be as in Proposition l3.7l For any X £ Oh{^H), define 
a category '^x and a functor Ax ■ '^g as follows. 

- An object f = (fc, {K\, K2, . . . , Kk), k) in '■^x is a triplet of 

fceN>o, K,<G{l<"^i<k), Ke'^H{F{Ai),X), 
where At = U G/K, e Ohi'^a)- 

l<i<k 

- A morphism in "rfx from i to t' — (fc', {K[, K2, . . . , K^,), k') is a morphism 
a e '2<g(^{,^{') satisfying k — k' o F{a). 

F{At) F{A,) 



X 
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- For any t e Oh{'^x), define Axit) e Ob(^G) by Ax{t) A{. 

- For any morphism a e '€x{l-,^), define Ax{a) e '^g{Ax{1),Ax{^)) by 
ylx(a) = a: ylt ^ 

Definition 3.9. Let G, if, be as in Proposition 13. 7[ and let T be any object 
in Fun{'^Q,Set). Using the functor Ax'- '^g in Definition 13. 8[ we define 

{LfT){X) e OhiSet) by 

{LfT)(X) ^colim{To Ax) 

for each X e Ob(^ff ). 

For any morphism v G {X, Y) , composition by v induces a functor 

ik,{Ki,K2,...,Kk),K) ^ ik,{Ki,K2,...,Kk),voK) 
compatibly with Ax and Ay- 



ox <Sy 




This yields a natural map 

{LfT){v) : coHm [T o Ax) colim (To Ay), 

and LpT becomes a functor LpT: ^g Set. 

Moreover, iiip: T — > 5 is a morphism between T,S £ Fun{'^G, Set), this induces 
a natural transformation 

ip o Ax ■ T o Ax =^ S o Ax 

and thus a map of sets 

{LfT){X) ^ {LfS){X) 

for each X. These form a natural transformation from LfT to LpS, which we 
denote by Lf'^ '■ 

Lf'-P'- LfT =^ LfS. 
This gives a functor Lj^ : Fun{^G, Set) Fun{'^H, Set). 

Similarly as in Theorem 3.7.7 in [T|, we have the following. 

Remark 3.10. Lf is left adjoint to ~oF: Fun{-WH, Set) Fun{'^G, Set). 

Proof. For any X G 0\){'^h), we abbreviate T o Ax to 73s:. We denote the colimit- 
ting cone for Tx by 

6x ■ Tx =^ '^LpTiX), 

where A^^t-j-x) : '^x Set is the constant functor valued in LfT{X) ([!]). 
We briefly state the construction of the bijection 

Funi'^G, Set)(X,So F) ^ Fun{'WH, Set){LFT,S) 



CT ^Oh{Fun{'^G,Set)),'^S G Oh{Fun{'^H , Set))). 
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Suppose we are given uj g Fun{'^H, Set){LFT,S). For any A £ Ob('^G), take a 
decomposition into transitive G-sets 

(3.1) p: U G/K,^A, 

i<t<k 

and put t = (fc, {Ki, . . . , Kk), F{p)). Then I is a terminal object in '^^(A); and the 
composition 

Ou,A = (r(A) '^^'^ r(At.) = TF(A){i) LpTiF{A)) 5 o FiA)) 



does not depend on the choice of the decomposition p.ip for each A. These form 
a natural transformation 0„ : T ^ S o F . 

Conversely, suppose we are given 9 e Fun{'^G, Set){T,S o F). For any X S 
Ob('^//) and any morphism a G 4') between 

« = (fc,(ifl,i^2,...,i^fc),'«) 

r = (fc',(i^i,if^,...,K^,),«'), 

we have a commutative diagram in Set 

Tx{t)=r{A,)^^SoF{Ai) 

rx(a) O r(a) O 5oF(a) O S{X). 

Tx{i') = T{A,,)—-^SoF{A,,) ^(«') 

This gives a cone 73f => A5(x), and thus there induced a map : LpT{X) 
S{X) for each X G Ob('^/f). These form a natural transformation : Li?T — > 
S. □ 

If we can show that LpT belongs to Oh{Add(^H , Set)) whenever T belongs to 
Oh{Add{'^G, Set)), then we will obtain a functor 

Lp: Addi'Wa, Set) Addi'Wn, Set), 

which is left adjoint to ~ o F: Add{'^H, Set) Add{'^G, Set). Thus Proposition 
13.71 is reduced to the following. 

Claim 3.11. LpT belongs to Oh{Add{^H, Set)), for any T G Oh{Add{'^G, Set)). 



For any pair of objects X,Y ^ Ob('^^f), define Ax * Ay to be the composition 
of functors 

'^X X 'S'y -^^^ X ^ '^G- 

{A,B) ^ AUB 
Since T is additive, To (Ax * Ay) becomes naturally isomorphic to 

"^x X '^Y '^''-^^ Set X Set Set. 
We abbreviate To {Ax* Ay) to Tx*Ty, and denote the colimitting cone for Tx *7y 

by 

6: Tx *Ty ^ Az, 

where Z — colim (73s: * 7y). 
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Fact 3.12 (Lemma 3.7.6 in Let x '^y ^— ^ '^x be the projection, and 
let px '■ Tx * Ty =^ Tx ° pi'x be the natural transformation induced from the 
projection. 

pi" A' 

^ '^Y ^ ^X 

\ -Ei, / 

Tx^Ty \, / Tx 

Set 

There uniquely exists a map of sets 

which makes the following diagram of natural transformations commutative. 

Tx*Ty Tx o Wx 



(3.2) 5^ O l^^op^x 

> (AL^r(x)) o prx 
Similarly, we have a canonical map Try : Z — s> LfT{Y). Then 

(7rx,7ry): Z ^ Lj.r(X) x LpTiY) 
becomes an isomorphism. 

Definition 3.13. Let X,Y £ Ob('^^f) be any pair of objects. For any 

5^ is,{Si,S2,...,Ss),<y) e ObC^xuy), 
define Sx G ObC^x) and Sy S ObC^y) by 

sx = {R.xUs) e Ohi^x), 

where t^: X ^ X IIY,ly '■ Y ^ X UY are the inclusions in nset. 
Definition 3.14. Let X,Y E Oh{'^H) be arbitrary objects. For any 
I = (fc, {Ki,K2, Kk), K,) e OhC^x) 

and 

[= (£,(Li,L2,...,L,),A) e Ob(^y), 

define «n I e ObC^xuy) by 

« n [ = (fc + ^, {Ki, ...,Kk,Li,..., Le), K n A), 

where k LI A is the abbreviation of 

F{A,m) = F{A,) n F{A,) X\1Y. 

Lemma 3.15. Let (4, [) G Ob('^x x "^y) &e an?/ object. If we denote the inclusions 
in Qset by 

ii : A( ^ A( n A[ = 
H : AiUAi^ Ami, 

then we obtain morphisms R^^ e '^x((J H Ox, J) and R^, G '^y((t 11 l)y, I). 
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Proof. Since we have a commutative diagram 



FiA.ui) = F{At) U F{Ai) ^ X UY 



F(A,) O 



X 



F{A,) 

{iF{At) ■ ^(^«) ^ ^(^t) II ^(^t) is the inclusion in Hset), 
the morphism in 

gives a morphism 7?^^ G '^x((^ U Similarly for 



□ 



As a corollary of Lemma 13.151 we obtain commutative diagrams in Set 



rx((t n Ox) ^ rx(fi) ry((« n Qy) u ry(0 



(3.3) 



"x,(tni)jf 



LfT{X) 



Claim 3.16. Let t: x ~> '^^xui' &e functor defined as follows. 

- Foranyi = {k,{Ki,K2,...,Kk),K) G OhC^x) and I ^ {i, {Li, L2, . . . , Lg), X) £ 
ObC^y), define r(«, [) foy t(«, [) = « E l. 

- For any a £ ''^xlJ, *') a?irf & e "^^(1, ['); ^^e/ine r(a, 6) 62/ 



ere a 11 6 is 



aUb 



Ami = A(UAi^ Ai, H Af-u 



t'- 



T/ien T is a final functor in the sense of [4 . Namely, the comma category (s J, r) 
is non-empty and connected, for any s G Ob('^xui')- 



If Claim is shown, then Claim [5TTT] follows. In fact if t is final, then by [1], 
the unique map 

h G Set{Z,LFT{XllY)) 

which makes the following diagram commutative for any (J, [) G Ob(^x x '^y), 
becomes an isomorphism. 



(3.4) 



{Tx*TyWA) =Tx{t) xry([) = rxny(«n[) 
Z = ^ LpTiX U Y) 
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From p.3|) . p.4p and the definition of LfT{Rlx)i '^e obtain a commutative 
diagram 



Px.(t.i 



(Tx^Ty )({,[) 

<5(e,i) 



rxuY(«ni) = rjf((«n[)x) 

o \ \ o 

^ <5xni',en[ O Sx,{tui)x 



'<5x,t 



for any (£, I) G Oh{^x x "^y)- Comparing witfi 



we see tliat ttx satisfies 



Li.r(xnr) 



LpTiX) 

For y, simiiarly Try satisfies LpT{Rly) ° h — vry. Tlius we obtain 

Z^^LpTiXnY) 

LfT{X) X LfT{Y). 

Since h and (7rx,7ry) are isomorphisms, it follows that 

{LfT{R,x),LfT{R,^)): LfT{XUY) LfT{X) x LfT{Y) 

is an isomorphism for any X,Y E Ob('^/f ). This means LfT G Oh{Add{'^H , Set)), 
and Claim [XTT] follows. 

Thus it remains to show Claim 13.161 



Proof of Claim \3.16[ Let s = (s, 5*2, . . . , 5s), cr) £ Ob('^xuy) be any object. 
Since the folding map V : A^^^ 11 A^^ — A^ U A^ ^ A^ makes the diagram 



F{A,,UA,^) 



<7x UcTv 

XMY 

in '^H commutative, this gives a morphism R\/ : s Sx U sy in "^xuy- Thus 
(s 4, t) is non-empty. 

Moreover, let (t, [) e Ob( 

X "^y) be any object, where 

(fc,(ifl,i^2,-.-,i^fe),«), 1= (A(£l,L2,.-.,i£),A), 

and let a G "^xuy (s, 8 11 1) be any morphism. Denote the inclusions by 
it: Ai ^ A^n Ai, n: Ai^ AilLAi, 
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and put 

at = R,,oa e'^ciAs^At), 
Then, by the commutativity of the diagram 



F{A,,)^F{A,) 



XUY 




F(a,) 



in "^H, we obtain a morphism at G "^xCsx,?)- Similarly we obtain ai G '^^(sy, [), 
and thus a morphism (a{,ai): (sx,Sy) I) in x '^y 

Now there are three morphisms in "^xuy 



a{ n at = T(a(, ai) 
and the commutativity of the diagram in 

R 



5 ^ Sa' USy = t{Sx,Sy), 

t{5x,Sy) >T{t,l), 



A, 







aella[ 



AillAi 

implies the compatibility of these morphisms 

R 



o 



r(sx,Sy) 



Thus for any (s A t({, I)) e Ob((s s|, r)), there exists a morphism from (s ^ 
t{sx,Sy)) to (s A t(4, [)) in (s | t). In particular, (s | r) is connected. □ 

Remark 3.17. A similar argument proves that —oU : SMack{H) — !> SMack{G) ad- 
mits a left adjoint C(j : SMack{G) — > SMack{H). (For the case of Mackey functors, 
see also [3].) 

Corollary 3.18. Let U be an H-G-biset. Then the functor —oU: Tam{H) 
Tam{G) admits a left adjoint. 



Proof. This immediately follows from Theorem 13.61 In fact jh ° gives the left 
adjoint. We also abbreviate this functor to £[/. □ 
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Corollary 3.19. Let U be an H-G-biset. Those functors £,u and Cu are compat- 
ible. 



Tam{H) ■ 



SMack{H) 



- Tam{G) 
SMack{G) , 



Proof. This follows from the commutativity of 
adjoint functors. 
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